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BLOCK CODES FOR BERNOULLI SHIFTS 

BY 

M. SMORODINSKY 

ABSTRACT 

A general method of constructing block codes between Bernoulli shifts is 
introduced. This method generalizes an example of Boyle and Tuncel. 

1. Introduction 

Let A and B be finite sets. Consider the spaces X = A z and Y = B z. Let S be 

the left shift on X and T the left shift on Y. A k-block code is a map 

qb : A k --> B. 

It gives rise to an equivariant continuous map from X to Y, namely 

(thx), = tb (x , , . . . ,  x,+k-a), where x = {x,}i E z. 

It is known that every equivariant continuous map is a block map composed with 

a power of the shift S. 

If p is a probability measure on A, that is p is a probability vector, and if 

/.L = pZ is the product measure on A z, then S acting on the measure space is a 

Bernoulli shift (B.S.) denoted by B(p). Let q be a probability vector for B. B(q) 
is a continuous factor of B(p) if there exists a k-block code ~b such that pZ is 

carried onto qZ by the homomorphism th, We shall say that B(q) is a trivial 

factor of B(p) if there is a map, 

f:A--->B suchthatq(b)=t(~=bp(a ), V b E B ,  

i.e., the vector q is a clustering of p. Obviously in such a case there exists a 

1-block map from B(p) onto B(q). 
This paper is a contribution to the study of continuous Bernoulli factors which 

was initiated in [3]. 
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If B(q)  is continouos factor of B ( p ) i t  is evident that IA [-->IBI since 

topological entropy decreases under taking factors. Suppose t A I = I B I. Consid- 

ering metrical entropy we know that h(p) > h(q). The case h ( p ) =  h(q) was 

settled in [3] and it was there proved that q is a rearrangement of p, and 

therefore there are no non-trivial factors in such a case. The case I A I = I B I and 

h ( p ) > h ( q )  is impossible since by [2] a continuous equivariant map which 

preserves the topological entropy is finite to one. But a finite to one map 

preserves the metrical entropy. 

In [3] it was proved that any continuous factor of the n-shift B(1/n . . . . .  1/n) is 

trivial. It was conjectured in [3] that there are no non-trivial continuous factors. 

However,  in [1] an example was constructed of a non-trivial continuous factor 

(see w 

In this paper a method of constructing factors for B.S.s is presented. This "tree 

method"  gives us examples of a 2-state B.S. as a continuous factor of a 4-state 

B.S., also a 3-state B.S. as a factor of a 4-state B.S. We also indicate how to get 

k-block maps between B.S.s which do not admit k-l-block maps. 

2. The tree method 

A k-tree T is a set of k-tuples (i, . . . . .  i~) of natural numbers (called branches) 
subject to the following restrictions. There is a natural number n(Q) and 

1 _-< il-<- n(Q) and for each (i, . . . . .  i/), 1 _-<j < k which is an initial segment of a 

branch there exists a natural number n(i~ . . . . .  ij) and l_- < i~+~ _-< n (i~ . . . . .  ij). 

Observe that for each 1 _-< j < k there is a j- tree associated with T, namely the 

j-tuples (ij . . . . .  ij) which are the initial segments of branches of T. This tree be 

denoted by r( j ) .  
A probability tree is a tree together with a set of probability vectors 

{p(i , , . . . , i j )} ,  O<-_j < k such that the number of components of p(i, . . . . .  ii) is 

equal to n(ij . . . . .  i~). Given a probability tree T we associate with it the 

probability vector of T, p(T) ,  in the following way. p(T)  is labelled by the 

branches of T and 

k I 

p(i, . . . . .  ik)(T) = 1--[ P~,,,(i,,..., ij). 
j -O 

Given two probability vectors p defined on A, and q defined on B, we say that q 

is a clustering of p, denoted q < p, if there exists a map f : A ~ B such that 

~ p~, V b E B .  qb = r~ =b 
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The  product  of p and q, deno ted  by p �9 q, is the probabi l i ty  vector  on A • B, 

{p, .  p~}. We are now ready to state the main result of this paper .  

THEOREM. Let T be a probability k-tree and p = p ( T ) .  Let q be another 

probability vector such that for all (~,, . . . . .  ce~ i)~[1~=,', T( j )  (where II is the 

cartesian product)  

k I 

(*) q < I ~ p ( a j ) .  
j =(I  

Then, there exists a k -b lock  map  from B ( p )  onto B(q) .  

PROOF. Let  us take the state space A to be the branches  of T. By condit ion 

(*) there are maps  

k I 

f ,  ............. ,: [ I  T(j)---> B, m ~ T( j ) .  
j , I  

(Notice that  here  {c~#} are not necessari ly sub-branches  of the same branch in T.) 

We define the k -b lock  map  4' as follows: 

Let  x, = (i, . . . . .  i~); define the r andom variables  

Put 

Z • n - ( i ,  . . . . .  i~), l < j < k  and Z~' , '~=~. 

&(x, . . . . .  xk ) = f ~ ' .  .<~ "~(Z~ ~, 7 ~  �9 . . ~ I  ) .  

We shall prove  by induction on n the following two claims: 

(1) y~ . . . . .  y. are independen t  

(2) (y~ . . . . .  y.) is independen t  of (Z(~ k '~ . . . . .  Z~,~). 

For  n = 1. (2) follows f rom the clustering assumpt ion  (*). Assume  that  (1) and 

(2) hold for some n > 1. Consider  y~ . . . . .  yn+~. By s ta t ionar i ty  y~ . . . . .  y.+~ are 

independen t  and (y2 . . . . .  y.+,) is independen t  of (Z~ Z . . . . .  Z ~ ) .  Since 

(Z~ k '~ . . . . .  Z~ ~, y~ . . . . .  y.+,) is i ndependen t  of ( x , , Z ]  k '~) it follows that  

(y2 . . . . .  y . < )  is independen t  of (X~ .Z]  k ~ Z~ ~ ~ . . . . .  Z~n). But Y~ is 

( X , Z ]  k 'J,Z~ k ') . . . . .  Z ~ ) - m e a s u r a b l e  and therefore  Y~ . . . . .  Y.+, are indepen-  

dent.  So claim (1) holds for  n + 1. Also (Zlk u . . . . .  Z~5, Y~) is 

( X j Z ~  k+~ . . . . .  Z ~ ) - m e a s u r a b l e  and therefore  i ndependen t  of y2 . . . . .  y . < .  Now,  

y, is i ndependen t  of (Z]  k ~,Z~ k ~ . . . . .  Z ~ q )  (Claim (2) for  n = 1) and so 
/ 7 ( , k  +1)  yj . . . . .  y .~  is i ndependen t  of ~ ,  . . . . .  Z~_~) and the proof  of the t h e o r e m  is 

comple ted .  
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3. Examples  

We begin by some 2-block codes which p roduce  non-trivial  factors.  

(1) The  Boy le -Tunce l  example  ([1]). 

Le t  p = (~,~,~,~,~) and q = (~,~,~). 

R e p r e s e n t  p by the following tree:  

l 2 

Since , ~ ~ ~ , 2 (~, 5, ~) < (:, �89 " (:, 5) and trivially (~,5,5)<'1~ , , ,  . 11 (:,:), there  a (5, 5, 5) exists 2- 
b lock map  f rom B(p) onto  B(q). 

(2) 2-state B.S. as a factor  of a family of 4-state B.S.s. 

Le t  �89 < t < 1 and s = 1/2t. Consider  the following tree:  

1 - t  

Since (�89 there  is a 2-block f rom B (~t,~t,(l~ ' - t)s,(1 - t) 

(1 - s)) on to  B(�89189 for  each �89 < t < 1. If we put  t = 3 we get B(�89189 as a non-trivial  

factor  of 1 ~ ~ ~ ~ ~ B (5, 3,_ ~, n). Actual ly ,  the same  code will p roduce  B (~, ~) as a non-tr ivial  

factor  of all the B(p) obta ined  f rom the above  tree.  

(3) As  an example  of achieving minimal  difference be tween  the n u m b e r  of 

s tates of  B(p) and its non-trivial  factor  B(q) consider  the tree:  

i 
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Since ~ 4 , , ~ , ~ 2 ~ 4 (~, ~ , ~ ) <  (~,~)" (~,i); (-~, ~) " there a (?,?) is 2-block map  f rom B ( ~ , ~ , ~ , ~ )  

onto  B(~ ,  ~ Ts, 3). 

This code can also produce  uncountable  pairs of B.S.s w h e r e  one is the 

non-trivial  factor  of the other .  

Now we consider  some higher block maps.  

(4) Let  �89 t < s < 1. Consider  the following tree: 

It is not hard to check that  q = (�89189 meets  the condit ions of the t heo rem for 

such a tree. If p = p(T)  for  that  tree T there  is a 3-block map  f rom B(p)  onto  

B (L ~). 

Obse rve  that  in the probabi l i ty  v e c t o r  p2 which is a function of (s, t) there is no 

subset  of c o m p o n e n t s  the sum of which identically (in (s, t)) equals  ' .  The re fo re  

there can be at most  a finite n u m b e r  of values (s, t) such that  there will be a 

2-block map  f rom B(p)  onto  B(�89 

(5) We now general ize  example  (4) in the following way. 

Let  �89 S ,<  S_,. �9 �9 < Sk-~ = 1 be given. Let  T be the following k- t ree :  T = 

(i . . . . .  ik), 6 E{1,2}.  Let i<-j<=k-1, 

. . . . .  l t and . . . . .  

i .me~ \ S~ ' S i 

if (i . . . . .  ij) = (2, 2 . . . . .  2) and p(0)  = (l/2so, 1 - 1/2s,,). Again  q = (�89189 satisfies the 

condi t ions of the t heo rem for  that  tree and there is a k -b lock  m a p  f rom B(p(T))  
onto  B(�89 pk ~(T) as a funct ion of (so . . . . .  sk 2) will not have a subset  the sum 

of which will be identically �89 and therefore  there  will be at most  finite n u m b e r  of 

k - 1 tuplets  (s,, . . . . .  & 2) for which there will be a k - 1-Mock code f rom P(T)  
I I 

on to  B(~,~). 
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4. Some open problems 

(1) Given B(q) a continuous factor of B(p) ,  does there exist a probability tree 

T such that p = p(T) and q satisfies the conditions of the theorem? 

A positive answer to problem (1) will give an effective way to find all the 

continuous factors of a given B(p). 

(2) Is there a non-trivial (2-state) B.S. factor of a 3-state B.S.? 

Again, if (1) admits a positive answer, then it is easy to see that there will be no 

non-trivial factors, because a 3-state B.S. will admit only 2-trees and q would 

have to be a clustering of p. 

(3) Is there a 2k (k => 1) B.S. which is a non-trivial continuous factor of a 

2k + 1 state B.S.? 

Using a method similar to example (3) one can construct a non-trivial 

2k - 1-state B.S. as continuous factors of a 2k-state  B.S. for all k _->2. 
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